Abstract. In this work there is established an optimal existence and regularity theory for second order linear parabolic differential equations on a large class of noncompact Riemannian manifolds. Then it is shown that it provides a general unifying approach to problems with strong degeneracies in the interior or at the boundary.
Introduction
This paper is devoted to second order initial boundary value problems for linear parabolic equations on a wide class of noncompact Riemannian manifolds, termed 'uniformly regular'. Important examples are complete Riemannian manifolds with no boundary and bounded geometry. 1 In this setting there is already a rich theory for linear parabolic equations -predominantly heat equations -based on kernel estimates. Our main interest concerns, however, noncompact Riemannian manifolds with boundary for which very little is known so far (see the following sections for references). Prototypes of such cases are m-dimensional Riemannian submanifolds of R n with compact boundary or funnel-like ends (cf. Examples 3.5).
In order to give the flavor of our main results we consider in this introduction a simplified version of the general problem. Namely, we restrict ourselves to autonomous equations with homogeneous boundary conditions. Let M = (M, g) be a Riemannian manifold. We set Au := − div(a q grad u), (1.1) with a being a symmetric positive definite (1, 1)-tensor field on M which is bounded and has bounded and continuous first order (covariant) derivatives. This is expressed by saying that A is a regular uniformly strongly elliptic differential operator. We assume that ∂ 0 M is open and closed in ∂M and ∂ 1 M := ∂M \∂ 0 M . Then we put B 0 u := u on ∂ 0 M, B 1 u := (ν |a q grad u) on ∂ 1 M, where these operators are understood in the sense of traces and ν is the inward pointing unit normal vector field on ∂ 1 M . Thus B := (B 0 , B 1 ) is the Dirichlet boundary operator on ∂ 0 M and the Neumann operator on ∂ 1 M .
Throughout this paper, 0 < T < ∞ and J := [0, T ]. We write M T for the space time cylinder M × J. Moreover, ∂ = ∂ t is the 'time derivative', ∂M T := ∂M × J the lateral boundary, and M 0 = M × {0} the 'initial surface' of M T . Then we consider the problem ∂u + Au = f on M T , Bu = 0 on ∂M T , u = u 0 on M 0 .
( 1.2)
The last equation is to be understood as γ 0 u = u 0 with the 'initial' trace operator γ 0 . Of course, ∂ 0 M or ∂ 1 M or both may be empty. In such a situation obvious interpretations and modifications are to be applied.
We are interested in a strong L p -theory for (1.2). To describe it we have to introduce (fractional order) Sobolev spaces. We always assume that 1 < p < ∞. The Sobolev space W The finite time interval J can be replaced by R + , provided we impose the additional assumption that the spectrum of A is contained in [Re z ≥ γ] for some γ > 0. This can always be achieved by replacing A by A + ω for a sufficiently large ω > 0.
On the surface, this theorem looks exactly the same as the very classical existence and uniqueness theorem for second order parabolic equations on open subsets of R m with smooth compact boundary (e.g., O.A. Ladyzhenskaya, V.A. Solonnikov, and N.N. Ural'ceva [27, Chapter IV] and R. Denk, M. Hieber, and J. Prüss [17] ). However, it is in fact a rather deep-rooted vast generalization thereof since it applies to any uniformly regular Riemannian manifold.
Closely related to uniformly regular Riemannian manifolds are 'singular Riemannian manifolds' which are characterized by a 'singularity function' ρ ∈ C ∞ M, (0, ∞) . More precisely, let M = (M, g) be a Riemannian manifold and consider the conformal metricĝ := g/ρ 2 on M . Then the basic requirement for M to be a singular Riemannian manifold is thatM := (M,ĝ) be a uniformly regular Riemannian manifold. In Examples 4.1 we present some important instances of singular Riemannian manifolds, most notably the class of m-dimensional Riemannian submanifolds of R n with finitely many cuspidal singularities.
By considering parabolic equations on singular Riemannian manifolds we are naturally led to study degenerate parabolic equations in weighted Sobolev spaces. To be more precise, we now assume that M = (M, g) is a singular Riemannian manifold and ρ ∈ C ∞ M, (0, ∞) is a singularity function for it. Then A is said to be a ρ-regular uniformly ρ-elliptic differential operator if ρ −2 a is symmetric, uniformly positive definite, and ρ −2 a and ρ −1 ∇a are bounded and continuous. Note that this means that A is no longer uniformly strongly elliptic but that the ellipticity condition degenerates if ρ tends to zero (or to infinity).
For λ ∈ R and k ∈ N we define the weighted Sobolev space W k,λ p (M ; ρ) to be the completion of D(M ) in L 1,loc (M ) with respect to the norm
(M ; ρ) are defined analogously to
Using this we can now formulate our main result for degenerate parabolic equations in the present setting. Theorem 1.2. Let M be a singular Riemannian manifold, ρ a singularity function for it, and p / ∈ {3/2, 3}. Suppose A is ρ-regular and ρ-uniformly strongly elliptic. Then (1.2) has for each This is a particular instance of Theorem 5.2 and its corollary, both of which apply to general weighted spaces, that is, to λ = 0 as well.
We should like to point out that we impose minimal regularity requirements on a (within the framework of continuous coefficients). This allows to use Theorems 1.1 and 1.2 (and the more general results below) as a basis for the study of quasilinear equations along well-established lines (e.g., [1] , [3] ). For the sake of brevity we do not give details in this paper.
It should also be noted that only the behavior of ρ near zero and infinity is of importance. In other words, ifρ ∈ C ∞ M, (0, ∞) satisfiesρ ∼ ρ, that is, ρ/c ≤ρ ≤ cρ for some c ≥ 1, then Theorem 1.2 remains valid with ρ replaced byρ. In particular, W with a compact smooth boundary, that is,Ω is a smooth m-dimensional submanifold of R m . We also assume that Γ is a finite family of compact connected smooth submanifolds Γ of R m without boundary and dimension ℓ Γ ≤ m − 1 such that the following applies:
Then M :=Ω\ { Γ ; Γ ∈ Γ }, endowed with the Euclidean metric, is an m-dimensional Riemannian submanifold of R m whose boundary ∂M equals ∂Ω\ { Γ ; Γ ∈ Γ }.
For each Γ ∈ Γ and x ∈ M we denote by δ Γ (x) the (Euclidean) distance from x to Γ. Then δ Γ is, sufficiently close to Γ, a well-defined strictly positive smooth function. If M contains a neighborhood of infinity in R m , that is, if Ω is an exterior domain, then we put δ ∞ (x) := |x| with the Euclidean norm |·| in R m . We also fix α Γ ≥ 1 and
∞ near infinity if Ω is an exterior domain, and ρ ∼ 1 away from the 'singularity set' S(M ) := { Γ ; Γ ∈ Γ } and infinity. Then M is a singular Riemannian manifold characterized by the singularity function ρ. Indeed, see Examples 4.1, each Γ ∈ Γ is an (α Γ , ℓ Γ )-wedge and { x ∈ M ; |x| > R } is for sufficiently large R > 1 diffeomorphic to an infinite α ∞ -cusp (over S m−1 in R m+1 ) if Ω is an exterior domain. Thus Theorem 1.2 applies to this situation.
Next we consider some particularly simple subcases which have been treated before in the literature.
(a) Suppose Ω is bounded and S(M ) = ∂Ω. Thus ρ ∼ δ α for some α ≥ 1, where δ is the distance to ∂Ω. In this situation it is shown by V. Vespri [34] that A generates an analytic semigroup on L p (Ω) = L p (M ). Recently, S. Fornaro, G. Metafune, and D. Pallara [19] have given a new proof for this generation theorem.
(b) Let Ω be bounded and ℓ Γ = 0 for each Γ ∈ Γ. Then S(M ) consists of finitely many one-point sets {x 0 }, . . . , {x k } lying either in Ω or on ∂Ω. We set The only paper known to the author treating the problem of semigroup generation by parabolic equations with strong degeneracies at isolated points is the recent publication of G. Fragnelli, G. Ruiz Goldstein, J.A. Goldstein, and S. Romanelli [20] . These authors consider the case where Ω = (0, 1) and S(M ) = {x 0 } ⊂ Ω and show that −A generates an analytic semigroup on L 2 (Ω).
In none of the above papers it is shown that the maximal regularity property prevails. Furthermore, the proofs given there depend significantly on the fact that second order equations are being considered. In contrast, our approach does not depend on the particular structure of the problem but applies equally well to systems and higher order equations (cf. H. Amann [7] ).
Observe that the preceding examples show that a given Riemannian manifold can possess uncountably many non-equivalent singular structures. This is related to and sheds new light on the non-uniqueness results observed by M.A. Pozio, F. Punzo, and A. Tesei [30] . Thus, besides being rather general and widely applicable, our approach to highly degenerate parabolic problems via Riemannian manifolds leads to a deeper understanding of such problems as well.
In the next section we give the precise definition of a uniformly regular Riemannian manifold. Then we formulate our main result, Theorem 3.1, in the setting of second order equations and trace it back to the much more general propositions in [7] . Note that, besides allowing lower order terms, we prove an optimal regularity theorem in the presence of nonhomogeneous boundary conditions. In addition, we show that we get classical solutions if we impose slightly stronger regularity assumptions on the data. Singular Riemannian manifolds are precisely defined in Section 4 and basic examples are presented. Furthermore, weighted function spaces are introduced and their interrelation with non-weighted Sobolev-Slobodeckii spaces on uniformly regular manifolds is established.
Section 5 contains our main theorem for second order degenerate parabolic problems involving lower order terms and nonhomogeneous boundary conditions. We attract the reader's attention to Theorem 5.2 where it is shown that problems with homogeneous boundary conditions give rise to generators of analytic semigroups possessing the property of maximal regularity in general weighted spaces L λ p (M ; ρ) for any λ ∈ R. This generalizes results by V. Barbu, A. Favini, and S. Romanelli [15] , for example, where the case M = Ω, with Ω a bounded domain on R m , S(M ) = ∂Ω, and λ = −1 is considered (see also [20] ).
For the reader's convenience there is included an appendix in which some basic facts on tensor bundles over Riemannian manifolds are listed.
Function Spaces and Uniformly Regular Manifolds
By a manifold we always mean a smooth, that is, C ∞ manifold with (possibly empty) boundary such that its underlying topological space is separable and metrizable. Thus, in the context of manifolds, we work in the smooth category. A manifold does not need to be connected, but all connected components are of the same dimension.
Let M = (M, g) be a Riemannian manifold with boundary ∂M and volume measure dv. The metric g on T M gives rise to a vector bundle metric on the tensor bundle V 
. We also need fractional order Sobolev spaces, namely the Slobodeckii spaces
which is the interpolation space between W We denote by B(V ) the space of all bounded sections of V . It is a Banach space with the norm u → u ∞ := |u| ∞ , where · ∞ is the maximum norm. Moreover,
It is a Banach space with the obvious norm. Moreover,
where k ∈ N.
Besides these isotropic spaces we also need anisotropic versions adapted to parabolic problems. Anisotropic Sobolev-Slobodeckii spaces are introduced for
The second space on the right is a standard Sobolev-Slobodeckii space of Banach space valued distributions onJ. Of course,
Analogously, we define anisotropic Besov-Hölder spaces for s > 0 by
Here the second space on the right is a standard Hölder space C s/2 J, B(V ) if s / ∈ 2N, and a Zygmund space for s ∈ 2N, of Banach space valued functions on J (see A. Lunardi [28] , for example). For k ∈ N × := N\{0} we put
recalling that J is compact. Although Sobolev-Slobodeckii spaces, respectively Besov-Hölder spaces, are well-defined for each s ∈ R + , respectively s > 0, they are not too useful on general Riemannian manifolds since, for example, the fundamental Sobolev type embedding theorems may not hold in general. Even more importantly, there may be no characterization by local coordinates. For this reason we restrict ourselves to the class of uniformly regular Riemannian manifolds. Loosely speaking, M is a uniformly regular Riemannian manifold if its differentiable structure is induced by an atlas K of finite multiplicity whose coordinate patches are all of comparable size, such that K can be uniformly shrunk to an atlas for M , and the family of all charts in K which intersect ∂M induces an atlas of the same type for ∂M . In particular, ∂M = (∂M, q g), where q g is the Riemannian metric induced by g on ∂M , is a uniformly regu-
For the precise definition of a uniformly regular Riemannian manifold we introduce some notation and conventions. By c we denote constants ≥ 1 whose numerical value may vary from occurrence to occurrence; but c is always independent of the free variables in a given formula, unless a dependence is explicitly indicated.
We denote by H m the closed right half-space
, is denoted by g m . The same symbol is used for its restriction to an open subset U of R m or H m , that is, for ι * g m , where ι : U ֒→ R m is the natural embedding. Here and below, we employ standard definitions of pull-back and push-forward operations.
On the space of all nonnegative functions, defined on some nonempty set whose specific form will be clear in any given situation, we introduce an equivalence relation ∼ by setting f ∼ g iff there exists c ≥ 1 such that f /c ≤ g ≤ cf . Inequalities between vector bundle metrics have to be understood in the sense of quadratic forms. By 1 we denote the constant function s → 1, whose domain will always be clear from the context. We set Q := (−1, 1) ⊂ R. If κ is a local chart for an m-dimensional manifold M , then we write U κ for the corresponding coordinate patch dom(κ).
An atlas K for M has finite multiplicity if there exists k ∈ N such that any intersection of more than k coordinate patches is empty. In this case
has cardinality ≤ k for each κ ∈ K. An atlas is uniformly shrinkable if it consists of normalized charts and there exists r ∈ (0, 1) such that the family
Given an open subset X of R m or H m and a Banach space X , we write · k,∞ for the usual norm of BC k (X, X ), the Banach space of all u ∈ C k (X, X ) such that |∂ α u| X is uniformly bounded for α ∈ N m of length at most k.
An atlas K for M is uniformly regular if (i) K is uniformly shrinkable and has finite multiplicity.
(
In (ii) and in similar situations it is understood that only κ,κ ∈ K with U κ ∩ Uκ = ∅ are being considered. Two uniformly regular atlases K andK are equivalent, K ≈K, if
A uniformly regular structure is a maximal family of equivalent uniformly regular atlases. A uniformly regular manifold is a manifold endowed with a uniformly regular structure. Clearly, on such a manifold all local charts, atlases, etc. under consideration belong to its uniformly regular structure. An m-dimensional Riemannian manifold (M, g) is a uniformly regular Riemannian manifold if (i) M is uniformly regular; The spaces BC k (V ) and BC (k,k/2) (V ) do not belong to either one of these scales. However, they can be arbitrarily well approximated by BesovHölder spaces. In fact, given k ∈ N × ,
for 0 < s 0 < k < s 1 . Note that this implies a corresponding assertion for the isotropic spaces BC k (V ) and B s ∞ (V ), since BC k (V ) is naturally identified with the closed linear subspace of BC (k,k/2) (V ) of all 'time-independent' functions therein, etc.
Proofs, further results, references to related research, and many more details -in particular spaces of sections of general uniformly regular vector bundles over M -are found in the earlier work [6] , [5] of the author (also see [7] , [8] , as well as [4] ).
Parabolic Problems on Uniformly Regular Riemannian Manifolds
Let M = (M, g) be a uniformly regular Riemannian manifold. We consider parabolic initial boundary value problems of the form
In order to reduce the technical apparatus to a minimum we restrict ourselves to the important class of second order divergence form problems. Thus we fix δ ∈ C ∂M, {0, 1} and set
and
Here (·|·) = (·|·) g := g(·, ·), ν is the (inward pointing) unit normal on ∂M , γ the trace map for ∂M , and q denotes complete contraction (see the appendix). More precisely,
, a is a time-dependent vector field, a 0 a function on M T , and b 0 one on ∂ 1 M T . In local coordinates,
Hence B is the Dirichlet boundary operator on ∂ 0 M and the Neumann or a Robin boundary operator on ∂ 1 M . Note that either ∂ 0 M or ∂ 1 M may be empty. We also allow M to be a manifold without boundary. In this case it is understood throughout the whole paper that all statements, assumptions, and formulas referring explicitly or implicitly to ∂M are to be unconsidered. For example, problem (3.1) reduces to the Cauchy problem
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A function u satisfying (3.1) is a strong L p solution if it belongs to W (2,1) p (M T ), and a classical solution if it is a member of BC (2,1) (M T ). The differential operator A is uniformly strongly elliptic on M T if a(·, t) is symmetric and uniformly positive definite, uniformly with respect to t ∈ J. Clearly, the latter means that there exists a constant ε > 0 such that
For a concise formulation of the main result we introduce for s ≥ 0 the boundary data spaces
Given Banach spaces E and F , we denote by L(E, F ) the Banach space of bounded linear operators from E into F . We write Lis(E, F ) for the subset of all bijections in L(E, F ). Banach's homomorphism theorem guarantees that A −1 ∈ L(F, E) if A ∈ Lis(E, F ). Now we can formulate the main existence and uniqueness theorem for problem (3.1).
Theorem 3.1. Let M be a uniformly regular Riemannian manifold and let p / ∈ {3/2, 3}. Suppose
and A is uniformly strongly elliptic. Denote by W (2,1)
satisfying the compatibility conditions of order zero:
Supplement. Suppose 0 < s < s < 1 + 3/p with s = 3/p and
is closed and
Proof. We set a 2 := −a ♯ and a 1 := a − div(a ♯ ), using the notations of the appendix. Then we get from (A.12)
We let ν ♭ be the unit conormal vector field g ♭ ν on ∂M and set
By means of the characterization of BC k (T * M ) by local coordinates referred to in the preceding section one verifies
Let (3.3) be satisfied. Then it is obvious that
If (3.6) applies, then
and, once more by (3.10) and the point-wise multiplier result [5, Theorem 14.3],
This shows that (A, B) satisfies in either case the regularity assumptions of the main theorem of [7] . Since the uniform strong ellipticity of A implies that (∂ + A, B) is a uniformly strongly parabolic boundary value problem the assertion is a very particular consequence of the latter theorem. 
Proof. The first assertion is clear and the second one follows from (2.6). (c) We refer to [7] for higher order problems and operators acting on sections of general uniformly regular vector bundles over M .
(d) Theorem 3.1 is the basis for establishing results on the existence, uniqueness, and continuous dependence on the data of solutions of quasilinear parabolic problems of the form
Such results are obtained by (more or less obvious) modifications of the proofs in [3] . This is to be carried out somewhere else.
Of course, Theorem 3.1 applies in particular to autonomous problems. To simplify the presentation we restrict ourselves to the setting of strong L p solutions. Then (3.3) reduces to
Of particular importance is the case of homogeneous boundary value problems.
. Hence A, the restriction of A to W . By means of A we can reformulate the autonomous homogeneous initial boundary value problem (1.2) as the evolution equation (1.6) . This is made precise by the next theorem for which we rely on semigroup theory and maximal regularity (see H. Amann [1, Chapter III] and [2] , R. Denk, M. Hieber, and J. Prüss [17] , or P.Ch. Kunstmann and L. Weis [26] , for example, for information on these concepts). 
Proof. In the present setting W (2,1)
(M ). Hence (3.12) is a reformulation of (3.5). Now the semigroup assertion follows from a result of G. Dore [18] .
To indicate the power of these theorems we need to know examples of uniformly regular Riemannian manifolds. This problem is dealt with in [9] where proofs for the following claims are found. (e) A Riemannian manifold has bounded geometry if it has no boundary, a positive injectivity radius, and all covariant derivatives of the curvature tensor are bounded. Every complete Riemannian manifold with bounded geometry is a uniformly regular Riemannian manifold.
(f) Suppose S ⊂ U ⊂ M , where S is closed and U is open in M . An atlas K for U is uniformly regular on S if (2.3) holds with K replaced by K S . Two uniformly regular atlases K andK for U on S are equivalent if (2.4) applies to K S andK S . This defines a uniformly regular structure for U on S. Then U is uniformly regular on S if it is endowed with a uniformly regular structure on S. Lastly, U is a uniformly regular Riemannian manifold on S if (2.5) is satisfied for U and K S , where K is a uniformly regular atlas for U on S.
Let S j ⊂ U j ⊂ M and suppose U j is a uniformly regular Riemannian manifold on S j for 0 ≤ j ≤ ℓ. Let K j be a uniformly regular atlas for U j on S j . Assume (α) Let F = F α (B) be an α-funnel in R d and set S := F α [2, ∞), B . Then F is an m-dimensional uniformly regular Riemannian manifold on S.
Then U is a uniformly regular Riemannian manifold on S, and M is said to have an (α, B)-funnel-like end in U with representation ϕ.
is compact. Then M is a uniformly regular Riemannian manifold, a Riemannian manifold with finitely many funnel-like ends. It is obtained by patching together the uniformly regular pieces U j on S j for 0 ≤ j ≤ ℓ.
The most elementary situation in which Theorem 3.1 applies is the case in which M is compact. If, notably, M is the closure of a smooth bounded open subset of R m , then our theorem reduces essentially to a well-known classical result (e.g., [27] ).
More recently, G. Grubb [22] has established a general L p theory for parabolic pseudo-differential boundary value problems acting on sections of vector bundles (also see Section IV.4.1 in [23] ). It applies to a class of noncompact manifolds, called 'admissible' and being introduced in G. Grubb and N.J. Kokholm [24] . It is a subclass of the above family of manifolds with funnel-like ends, namely a family of manifolds with conical ends. Of course, aside from the requirements on the manifold, differential boundary value problems of the form considered in the present paper constitute a very particular subcase of Grubb's general class. However, in order to apply the results of [22] to (3.1) we have to require that (A, B) has C ∞ coefficients. In contrast, we impose in essence minimal regularity assumptions on (A, B). This is important for the study of quasilinear equations on the basis of the linear theorems proved here. Now we suppose that M is a noncompact uniformly regular Riemannian manifold not belonging to the class of manifolds with funnel-like ends. This is the case, in particular, if M has no boundary, is complete, and has bounded geometry. There is a tremendous amount of literature on heat equations for such manifolds, most of which is an L 2 theory and is concerned with kernel estimates and spectral theory (see, for example, E.B. Davies [16] or A. Grigor'yan [21] and the references therein). There are a few papers dealing with (semilinear) parabolic equations on noncompact complete Riemannian manifolds under various curvature assumptions which are based on heat kernel estimates (e.g., Qi S. Zhang [35] , [36] , A.L. Mazzucato and V. Nistor [29] , F. Punzo [31] , [32] , C. Bandle, F. Punzo, and A. Tesei [14] ). In all these papers either the top-order part is the Laplace-Beltrami operator or smooth leading order coefficients are required.
Except for a recent paper by Y. Shao and G. Simonett [33] , the author is not aware of any result on parabolic equations on noncompact manifolds which do not rely on heat kernel techniques, leave alone noncompact manifolds with noncompact boundary. In [33] the authors, building on [5] and [6] , establish a Hölder space existence theorem for autonomous nonlinear parabolic equations on uniformly regular manifolds without boundary. As an application they show that the solutions of the Yamabe flow instantaneously regularize and become real analytic in space and time.
A prototypical example to which our results apply is furnished by an m-dimensional Riemannian submanifold M H = (M H , g H ) 
Using the fact that g H is conformal to g m we can express A H and B H in terms of g m , that is, as differential operators on M := (M H , g m ). In fact, writing div = div gm , etc., we find with ρ(x) :
and ( a | grad H u) H = ( a | grad u). Moreover, ν ∂M H = ρν and, consequently,
This shows that the initial boundary value problem
can be seen as a degenerate initial boundary value problem on the 'underlying' Euclidean manifold M . Note that M is not a uniformly regular Riemannian manifold, even if ∂M = ∅, that is, M = B m , since it cannot be covered by an atlas K whose coordinate patches are uniformly comparable in size and such that a uniform shrinking of K is still an atlas.
Singular Riemannian Manifolds and Weighted Function Spaces
Generalizing the preceding example we are led to the concept of singular Riemannian manifolds. Informally speaking, such a manifold is characterized by a singularity function ρ ∈ C ∞ M, (0, ∞) such that the conformal metric g := g/ρ 2 gives rise to a uniformly regular Riemannian manifoldM := (M,ĝ). To be precise:
Let M be an m-dimensional uniformly regular manifold. A pair (ρ, K) is a singularity datum for M if ρ ∈ C ∞ M, (0, ∞) and K is a uniformly regular atlas such that
Two singularity data (ρ, K) and (ρ,K) are equivalent, (ρ, K) ≈ (ρ,K), if ρ ∼ρ and K ≈K.
A singularity structure, S(M ), for M is a maximal family of equivalent singularity data. A singularity function for M is a ρ ∈ C ∞ M, (0, ∞) such that there exists an atlas K with (ρ, K) ∈ S(M ). The set of all singularity functions is the singularity type of M . It is convenient to denote it by [[ρ] ], where ρ is one of its representatives.
A singular Riemannian manifold of type
M is uniformly regular and endowed with a singularity structure S(M ) of singularity type
(ii) (M, g/ρ 2 ) is a uniformly regular Riemannian manifold.
This definition is independent of the particular choice of ρ in the following sense: Let (ρ,K) ≈ (ρ, K). Then it follows from (2.5)(ii), (iii) and (4.1) that (M, g/ρ 2 ) is a uniformly regular Riemannian manifold and g/ρ 2 ∼ g/ρ 2 . In [7] it is shown that (4.1)(i) is equivalent to
In [9] there is carried out a detailed study of singular Riemannian manifolds. We refer the reader to that paper for proofs of the following examples. We endow Γ with the induced Riemannian metric q g := q ι * g, where q ι : Γ ֒→ M is the natural embedding. Let K be a uniformly regular atlas for M . For κ ∈ K Γ we set U q κ := ∂U κ := U κ ∩ ∂M = U κ ∩ Γ and (d) Suppose S ⊂ U ⊂ M , where S is closed and U is open in M . Assume ρ ∈ C ∞ U, (0, ∞) and K is a uniformly regular atlas for U on S such that (4.1) holds for K S . Then (ρ, K) is a singularity structure for U on S. Two such singularity structures (ρ, K) and (ρ,K) are equivalent on S if ρ ∼ρ and K andK are equivalent on S. This defines a singularity structure for U on S of type [[ρ] ]. Then U is a singular Riemannian manifold on S of type [[ρ] ] if it is endowed with a singularity structure on S of type [[ρ] ] and (U, g/ρ 2 ) is a uniformly regular Riemannian manifold on S.
Assume S j ⊂ U j ⊂ M and U j is a uniformly regular Riemannian manifold on S j of type [[ρ j ]] for 0 ≤ j ≤ ℓ. Let (ρ j , K j ) be a singularity structure for U j on S j and assume that (α) and (β) of Example 3.5(f) apply and
Then there exists ρ ∈ C ∞ M, (0, ∞) such that ρ|S j ∼ ρ j |S j for 0 ≤ j ≤ ℓ and (ρ, K) is a singularity datum for M , where (e) Let d ≥ 2 and suppose B is a b-dimensional compact Riemannian submanifold of R d−1 . For a nonempty subinterval I of (0, 1) and α ≥ 1 we set
We endow C 
where For a nonempty subinterval I of (1, ∞) and α < 0 we set
Furthermore, M is said to have in U an infinite α-cusp (more precisely: (α, B)-cusp) represented by ϕ.
(i) Assume that M is an m-dimensional Riemannian submanifold for R n for some n ≥ m. Then S(M ) :=M \M , whereM is the closure of M in R n , is the singularity set of M . It is independent of n since the closure of M in Rñ withñ > n and R n = R n × {0} ⊂ Rñ equalsM also. Suppose Σ is a connected component of S(M ) with the following properties:
(α) it is an ℓ-dimensional compact Riemannian submanifold of R n without boundary, where ℓ ∈ {0, . . . , m − 1}; (β) there exist α ≥ 1, a compact (m − ℓ − 1)-dimensional Riemannian submanifold B of R d with d ≥ m − ℓ, and for each p ∈ Σ a normalized chart Φ p for R n at p such that, setting
Then M is said to possess a smooth cuspidal singularity of type (α, ℓ) (more precisely: (α, ℓ, B)) near Σ.
Let Σ ⊂ S(M ) and assume M has a smooth cuspidal singularity of type (α, ℓ) near Σ. Also assume that there exist relatively compact open neighborhoods V and W of Σ in R n withW ⊂ V possessing the following properties:
and U is on The qualifier 'smooth' in the preceding definitions refers to the fact that the bases of the cusps are uniformly regular. If they are singular Riemannian manifolds themselves then we get manifolds with cuspidal corners of various orders. For this we refer to [9] as well.
B. Ammann, R. Lauter, and V. Nistor [11] introduce a class of noncompact Riemannian manifolds, termed Lie manifolds, in order to establish regularity properties of solutions to elliptic boundary value problems on polyhedral domains; also see B. Ammann, A.D. Ionescu and V. Nistor [10] , B. Ammann and V. Nistor [12] , and the references therein, as well as the survey by C. Bacuta, A.L. Mazzucato, and V. Nistor [13] . These authors use a desingularization technique by which they introduce conformal metrics g/ρ 2 , where ρ is the distance to the singular set.
Let M = (M, g) be a singular Riemannian manifold of type [[ρ] ]. Then we can apply the results of Sections 2 and 3 toM , where we have to usê ∇ := ∇ĝ, of course. Fortunately, sinceĝ is conformal to g we can express all spaces and operators in terms of g, so thatM does not appear in the final results.
Specifically, set V := V ′ ev [25] in the study of elliptic boundary value problems on domains with singular points. Since then they have been used by numerous authors, predominantly in an Euclidean L 2 setting. A detailed study of the L p case and references are found in [6] .
We set
∞ (V ; ρ). In [7] it is proved that
where . = means 'equal except for equivalent norms' andV := T σ τM . In [7] it is also shown that (u → ρ λ u) belongs to
Thus it suffices to study the spaces W ∞ (V ; ρ). Alternatively, we can refer directly to [6] .
Anisotropic weighted Sobolev-Slobodeckii spaces are defined for s ≥ 0 by
Analogously, we introduce anisotropic Besov-Hölder spaces for s > 0 by
Again, we omit the superscript λ if it equals zero. It is obvious from the above that all embedding, interpolation, and trace theorems, etc. proved in [5] carry over to the present setting using natural adaptions. It is also clear that (4.4) implies 
Proof. This follows from Theorem 5.1 by the arguments which led from Theorem 3.1 to Theorem 3.4. In order to facilitate the proof of Theorem 5.1 we precede it with a technical lemma. In this connection we identify ρ λ with the point-wise multiplication operator u → ρ λ u.
Lemma 5.4. Let (A, B) be a ρ-regular uniformly ρ-elliptic boundary value problem on M T and λ ∈ R. Then there exists another such pair
where the commutator It is now an easy consequence of this, the assumptions on a and a, and of (A. 
